Fraenkel and Simpson conjectured in 1998 that the number of distinct squares in a string is at most its length. Kolpakov and Kucherov conjectured in 1999 that the number of runs in a string is also at most its length. Since then, both conjectures attracted the attention of many researchers and many results have been presented, including asymptotic lower bounds for both, asymptotic upper bounds for runs, and universal upper bounds for distinct squares in terms of the length. In this survey we point to the combined role played by the length and the number of distinct symbols of the string in both problems. Let us denote
Introduction
A square, or a tandem repeat is a fundamental regularity in a string, and the simplest of repetitions. We denote this fact as u 2 indicating the concatenation of a string u with a copy of itself; u is referred to as the generator of the square and the length of u is referred to as the period of the square. A primitively rooted square is a square whose generator is primitive, i.e. not a repetition itself. Similarly, a primitively rooted repetition is a repetition whose generator is primitive. A run, a maximal primitively rooted repetition with a possibly fractional exponent, was conceptually introduced by Main in 1989 [20] . The term run was coined by Iliopoulos, Moore, and Smyth in 1997 [16] . A run in a string x encoded by a four-tuple (s, p, e, t) has a primitive generator x[s . . . s + p] of length p repeating e times (e ≥ 2) followed by the prefix of the generator of length t (0 ≤ t < p). More precisely, x[s + i] = x[s + i + rp] for 1 ≤ i < s + p and 1 ≤ r < e, and x[s + i] = x[s + i + rp] for 1 ≤ i ≤ t and 1 ≤ r ≤ e. The maximality in this context means that the same is neither true for s − 1 nor for s + 1. Thus, the knowledge of all runs succinctly captures the knowledge of all occurrences of all repetitions. It is natural to ask about the maximum number of distinct squares or runs in a string and to expect both to depend primarily on the length of the string and, secondarily, on the number of distinct symbols. 
Distinct squares in strings
The problem of the number of distinct squares, when the types of the squares in a string are counted rather than their occurrences, was first introduced by Fraenkel and Simpson [12] , showing that the number of distinct squares in a string of length n is at most 2n. In particular, the number of primitively rooted distinct squares in strings of length n is bounded by 2n − 8 for n ≥ 5, and, for binary strings of length n, by 2n − 29 for n ≥ 22. Fraenkel and Simpson also gave an infinite sequence of strings of strictly increasing lengths with a number of primitively rooted distinct squares asymptomatically approaching the strings length from below and conjectured that the number of distinct squares in a string is at most its length. Their work relied on an improved Lemma 10 of Crochemore and Rytter [7] stating that if u 2 , v 2 , w 2 are prefixes of a string x, w is primitive, and |u| > |v| > |w|, then |u| ≥ |v| + |w|. Ilie [14] provided a simpler proof of the main lemma of [12] and presented an asymptotic upper bound of 2n − Θ(log n) in [15] .
We focus on primitively rooted squares as opposed to all squares for the following reasons: conceptually it is closer to runs since they are primitively rooted too; Kubica et al. [19] showed that the number of non-primitively rooted distinct squares is bounded by  n 2  − 1, and computationally obtained values for both appear to be essentially the same. For the rest of the paper, the term square means a primitively rooted square unless explicitly stated otherwise.
Runs in strings
Though there may be as many as O(n log n) repetitions in a string of length n, see [5] , it was hoped that the more succinct notation of runs would eliminate the need to list all the repetitions. Kolpakov and Kucherov [18] showed in 1999 that the number of runs in a string is O(n) and conjectured that the maximum number of runs in a string is at most its length n. Several authors have presented asymptotic upper and lower bounds for the maximum number of runs over all strings of length n, see Crochemore and Ilie [6] for upper bounds, and Matsubara et al. [21] for lower bounds, and references in both.
Parameterized approach
In this survey we point out the importance of considering both the length n and the number d of distinct symbols in a string. We revisit earlier results and conjectures with this parameterized viewpoint. In particular, we hope to infer tighter upper bounds for the maximum number of distinct squares and runs in a string expressed in terms of d and n. A string x of length n with d distinct symbols is referred to as a (d, n)-string, s(x) denotes the number of distinct primitively rooted squares and r(x) denotes the number of runs in a string x. The symbol σ d (n) denotes the maximum number of distinct primitively rooted squares and ρ d (n) the maximum number of runs over all (d, n)-strings. A (d, n)-string x satisfying s(x) = σ d (n) is referred to as a square-maximal, while a string x satisfying r(x) = ρ d (n) is referred to as a run-maximal string.
We Table 2 with the main diagonal in bold. The up-to-date table of all computed values is available online at [4] .
While there are similarities, the investigation of distinct squares is different from the investigation of runs in many ways. For instance, while the concatenation of two strings may merge some runs from both strings, it would not merge distinct Table 3 ( 
squares. On the other hand all the runs in both strings count, while the same is not true for distinct squares. The computed values of σ d (n) and ρ d (n) appear to be very close and hint at the simple relationship Table 3 where the entries are presented in a (d, n − 2d) 
is available online at [10] . The computed values of σ d (n) and ρ d (n) lead to the hypothesized upper bounds:
Note that for d = 2 the upper bounds for σ 2 (n) and ρ 2 (n) are tight for, respectively, 6 ≤ n ≤ 19 and 4 ≤ n ≤ 12, and off by 1 for, respectively, 20 ≤ n ≤ 31 and 13 ≤ n ≤ 37. In addition, the upper bound for ρ 3 (n) is tight for n = 6, . . . , 16 . In terms of the maximum number σ (n), respectively ρ(n), of squares, respectively runs, over all strings of length n, the corresponding hypothesized upper bounds are:
, so far we have found two such pairs: (3, 35) as σ 3 (35) = 25 and σ 2 (33) = 23, and (3, 36) as σ 3 (36) = 26 and σ 2 (34) = 24, see [10] . For ρ d (n), so far we have found three such pairs: (3, 15) as ρ 3 (15) = 10 and ρ 2 (13) = 8, see Table 2 and the entries in bold italic, (3, 43) as ρ 2 (41) = 33 and ρ 3 (43) = 35, and (4, 44), as ρ 3 (42) = 33 and ρ 4 (44) ≥ ρ 3 (43) = 35, see [4] . We hypothesize that, though rare, there are infinitely many such pairs for both ρ d (n) and σ d (n). Our hypothesis implies that the values along a column of Table 3 are constant except for every such pair (d, n) and its corresponding entry in column n − 2d 15) , the entry at column n − d = 9 and row d = 2 is depicted in bold italic in Table 3 . This leads us to the following definition: we refer to a pair (d, n) such that either 
there is no such restriction for σ d (n). Such three times repeating values were found for binary strings of lengths 31, 32, and 33, however it is the only case known to us to date. Whenever
; that is, the maximum number of squares among all strings of length n + 2 is not achieved by (d, n + 2)-strings. In particular, since σ 2 (31) = σ 2 (33) = σ 2 (33) = 23, any binary string of length 33 has at most 23 distinct squares while there is a ternary string with 24 distinct squares. For example, the following ternary string of length 33 has 24 distinct squares:aababaababaabaababaabaababbabbacc.
Basic properties of
The following basic properties of σ d (n) were presented in [8, 9] 
Since σ 2 (70) = 55 and 2 ≥ σ 2 (n + 1) − σ 2 (n) ≥ 0, we have the following slight improvement of the upper bound for σ 2 (n) in Corollary 3. In addition, σ 23 (46) = 23 and σ d+1 (2d
, the bound for the maximum number σ (n) of distinct squares over all strings of length n can be slightly improved. We have (i) for
We recall that the bounds given by Fraenkel and Simpson in [12] are σ 2 (n) ≤ 2n − 29 for n ≥ 22, and σ (n) ≤ 2n − 8 for n ≥ 5. A singleton refers to a symbol in a string that occurs exactly once, while a pair refers to a symbol that occurs exactly twice. The following structural result for square-maximal strings on the main diagonal was noted in [8] . In other words, σ d (2d) ≤ d for all d implies that the maximum number σ (n) of runs over all strings of length n satisfies σ (n) ≤ n − 2 for n ≥ 3. This equivalence is further generalized to the special case n = 4d. In addition, the role played by σ d (2d) and σ d (2d + 1) is underlined as well as the hypothesis that the square-maximal (d, 2d)-strings are, up to relabelling, unique.
Proposition 4 ([8]). Let d

Theorem 5 ([8])
. 
Basic properties of ρ d (n)
The 
Proposition 7 ([2]). Let d
that the maximum number ρ(n) of runs over all strings of length n satisfies ρ(n) ≤ n − 2 for n ≥ 3. This equivalence is further generalized to the special case n = 9d. In addition, the role played by ρ d (2d) and ρ d (2d + 1) is underlined as well as the hypothesis that the run-maximal (d, 2d)-strings are, up to relabelling, unique. Some hypothesized properties dealing with the maximal number of runs in a string can be restated in terms of the 
In other words, the maximum along any counter-diagonal is achieved for d = 2, i.e. for binary strings. The simplex and central-path following primal-dual interior point methods are currently the most computationally successful algorithms for linear optimization. The curvature of a polytope, defined as the largest possible total curvature of the associated central path, can be regarded as the continuous analogue of its diameter. Considering the largest curvature Λ(d, n), Deza et al. [11] proved the following continuous analogue of the equivalence between the Hirsch conjecture and
Computational substantiation for tractable instances
The notion of an r-cover introduced in [2] was generalized in [3, 9] to efficiently handle (n, d)-strings for the computation of both ρ d (n) and σ d (n). In the following definitions, a square is encoded as a pair (s, p) with s indicating the starting position and p indicating the period of the square. Note that the ending position of a square is s + 2p − 1 as we index strings starting with 0. Similarly, a run is encoded as a triple (s, e, p) where s is its starting position, e its ending position, and p its period.
Definition 9.
An r-cover of a string x is a sequence of primitively rooted squares implies that all pairs consist of adjacent symbols.
